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Abstract-Recent numerical analytic methods for the thermal entry region are synthesized with measure- 
ments of the local Nusselt number to provide a diagnostic technique to deduce the turbulent Prandtl 
number profile in the wall region from measurements in the thermal entry. The technique provides a 
means to obtain information on the turbulent Prandtl number even when other considerations, such as 
cost or avoidance of buoyancy effects, require that test section dimensions be too small for direct measure- 
ments with probes. For air flow at Re = 4.45 x lo4 in a circular tube the data show 

I+,(y) = Prtew + Pi-; ’ L = 0.9 + (0.0) . X 
f.w 

within IO’/, in the wall region; these results refute a number of popular hypotheses for Pr,. 

NOMENCLATURE 

specific heat at constant pressure; 
inside diameter of test section; 
mass diffusivity; 
mass flow rate per unit area; 
dimensional conversion factor; 
heat-transfer coefficient; 
thermal conductivity; 
heat flux; 
radius; 
temperature; 
velocity in axial direction ; 
axial distance from start of heating; 
radial distance from wall. 

Greek symbols 

a, thermal diffusivity, k/c,; 

&h, eddy diffusivity for heat; 

a,, eddy diffusivity for momentum; 

K, empirical constant in the van Driest mixing 
length, 0.4; 

& absolute viscosity; 
v> kinematic viscosity; 

P1 density; 

r, shear stress. 

con-dimensional parameters 

f9 friction factor, 2g,pr,/G2; 

Nu, Nusselt number, W/k; 

Pr, Prandtl number, c&k; 
+ 

4 1 heat flux parameter, qG/Ge, ‘I&‘,; 

Re, Reynolds number, GD/p; 

SC, Schmidt number, p/pD,; 

P+ 
$1 

wafl distance parameter, y(~~~~/~~i/~; 
empirical constant in van Driest mixing 
length model, 26. 

Subscripts 

b, bulk; 
DKM, Drew, Koo and McAdams; 
in, inlet ; 
t, turbulent ; 
Vl), van Driest; 

“i, wail. 

1. INTRODUCTION 

FOR PREDICTIONS of heat transfer to turbulent Rows 
a key to the success of many engineering analyses is the 
appropriate choice of turbulent Prandtl number, Pr, = 
E,,,/E,, , Once the mean velocity field has been predicted 
satisfactorily, the turbulence model may then be ex- 
tended directly to provide the mean temperature dis- 
tribution and heat-transfer coefficients by well known 
analytical techniques. 

Reynolds [I] recently presented an extensive review 
of studies of the turbulent Prandtl number for condi- 
tions approaching the constant fluid properties ideal- 
ization without buoyant effects. The reader is referred 
to this review for further background. For the most 
part he dismisses experimental evidence as contra- 
dictory and only “a very coarse filter” for hypothesized 
models; this situation is partly the fault of the exper- 
imentalists. Very few have conducted a critical analysis 
of the experimental uncertainties in their results [2]. 
Moffat and co-workers [3] are among the few who 
present the uncertainty with the result so that the 
analyst can see where the data do in fact verify or refute 
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his predictions; they show that the uncertainty envelope 
increases as the wall is approached. Small systematic 
errors become increasingly important. As the present 
study shows, for heating applications predictions of 
the Nusselt number and wall temperature in some 

conditions are most sensitive to the value of Pr, near 
the wall. 

The purpose of the present paper is to introduce an 
alternative method of deducing Pr, in the region near 

the wall and to demonstrate its application. Briefly, the 
idea is to use numerical predictions to relate the dis- 
tribution of Pr,(y) to the axial variation of the local 

Nusselt number in the immediate thermal entry of a 

tube flow with a fully developed, entering velocity 
profile. Experimental measurements of Nu(x) may then 
be used to infer Pr, for the regions in which the 
relationship is most sensitive and, thereby, most 
important. 

While several authors, such as Na and Habib [4], 
have used computer experiments with a particular tur- 
bulence model to force proper prediction of the Nusselt 
number in the fully developed region, it appears that 

none has concentrated on the immediate thermal entry 
where the boundary layer growth is dominated by Pr+,. 
Kays [5] reports a computer experiment matching 
measured temperature profiles away from the wall to 
deduce Prl(y) but, like the direct measurements of 

Simpson et al. [3], the thermal boundary layer was 
already well developed at the location considered. The 

new contribution of the proposed technique is the 
extension of wall parameter methods into the immedi- 
ate thermal entry to deduce Prt.,. As a consequence, 
information about Prl(y) can be obtained for situations 
where direct methods using internal probes are im- 
possible, e.g. use of small diameter test sections to 
reduce expense or to avoid buoyancy effects. The 

application which initiated the study involves heat 
transfer to the expensive noble gases. 

2. BACKGROUND ANALYSIS 

In this report, analysis is by the numerical method 
of Bankston and McEligot [6] utilizing finite control 
volume approximations to solve the energy equation, 

Idealizations implied by this form are (a) the axi- 
symmetric boundary layer approximations, (b) fully 
developed, steady flow at low velocities, and(c) constant 
fluid properties. Solution with the measured inlet con- 
ditions and with the measured wall heat flux variation 
as a boundary condition leads to prediction of the 
Nusselt number. 

Examination of the energy equation (1) shows that, 
with the fluid properties and boundary conditions 
known, the functional dependence of the result can be 
described as 

Nu = Nu{x, u(r), c,(r), Prt} (24 

or, since E,(r) determines u(r) for fully developed how. 

Nu = Nu (x, c,(r), Pr,) (2b) 

For adiabatic flow in circular tubes, several semi- 
empirical descriptions of c,(r) are now generally well 
accepted; those to van Driest [7] and Reichardt [8] 
are not seriously disputed for practical applications. 
Thus, Nu = Nu(x, I+,). Conceptually, the relationship 
could be inverted to Pr, = Pr,{Nu(x)} provided that 
Pr, can be considered as one-dimensional (with the 
flow fully developed, it is reasonable to assume that 
Pr,(x, r) = Prt(r)). Blom [9] has shown with his own 

measurements and others that this assumption is valid 
near the wall. Careful experiments measuring Nu(x) 
can then be used to deduce Pr!(r). Unfortunately, it 
does not appear that direct inversion can be done 

easily, if at all, so the proposed method employs 
iterative use of an existing numerical program. 

Sensitivity of the proposed method is examined for 

a typical experiment with gas flow through a vertical 
circular tube with electrical resistive heating which 
provides an approximately constant heat flux. The 

simple van Driest mixing length model [7] is used to 
calculate c,(r) and u(r) in this examination. Grid 
parameters of the numerical program are chosen to 

yield solutions within about 1% of the converged values. 
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FIG. 1. Effect of I+,(y) distribution for gas 
flow in thermal entry. 

The results, Fig. 1, demonstrate the relative sensi- 

tivity of Nu(x) to variation of Pr, near the wall and in 
the central flow. At the hypothesized condition (Re = 
lo5 and Pr = 0.7), a constant value of Pr, leads to 
significant differences in Nu(x) depending on the value 
chosen. At x/D = 1 a change from Pr, = 1 to Pr, = l/2 
leads to a 30% change in Nu, and at x/D = 40 it leads 
to 45%. To examine which region of the flow dominates, 
three Pr, profiles are compared: Pr, = 1, 1 + (y/r,,,), and 
1 -(y/r,,,). The second corresponds to the first at the 
wall and to Pr, = 2 at the centerline while the third 
varied from 1 to 0 giving an average of l/2; thus, these 
Pr, profiles are equivalent to each other at the wall 
and differ substantially in the core. At x/D = 1, differ- 
ences between the results are insignificant; then they 
diverge downstream. At these conditions the Nusselt 
number measured at small values of x/D would deter- 
mine Pi-,,,, and its variations as x/D increases would 
indicate the radial variation of Pr*(y). 
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The relative sensitivity can be explained by consider- 
ing the growth of the thermal boundary layer starting 
at x = 0. Initially, the solution corresponds to the 
Leveque solution [lo]; this situation continues until 
the thermal boundary layer grows beyond the linear 
sublayer (u’ z y’) or until&h is no longer much smaller 
than tl. Then the growth, or thermal entrainment, is 
determined by Pr, in the viscous layer (y’ Z 30) and as 
the flow proceeds downstream the turbulence proper- 
ties at successively greater distance from the wall 
become important progressively. Consequently, at 
small values of x the local Nusselt number depends 
only on Pr, near the wall, while further downstream 
Nu(x) is affected by Pr at larger y. The experimental 
uncertainty in Pr,(y) can be determined from the exper- 
imental uncertainty in Nu(x) or t,(x). For the condi- 
tions of Fig. 1 we see that an experimental uncertainty 
of 5% in Nu near x/D = 1 would lead to about 8% 
uncertainty in Pr,,w. 

Experimental precautions necessary to obtain mean- 
ingful measurements of Prt(y) by this technique are 
discussed elsewhere [ 111. 

3. DEMONSTRATION OF TECHNIQUE 

The experiment chosen for demonstration was per- 
formed on apparatus essentially the same as Campbell 
and Perkins [ 121 except a circular tube was employed. 
Air served as the gas. The test section was an 1/8thin 
(3.2 mm) Hastelloy-X tube with a 92 diameter unheated 
entry and 98 diameter heated length. Wall thickness 
was 0.022 in (0.6 mm). 

The lowest temperature run in a series investigating 
effects of property variation is investigated. At Rei. = 
4.45 x lo4 the tube was heated at a rate qt = 
(qb/Gc, Tn) = 0.00057, which gives a maximum tem- 
perature ratio (T,/z) of 1.185. A preliminary adiabatic 
run agreed with the Drew, Koo and McAdams corre- 
lation within 1.3%. Exit Mach number was 0.076 and 
the Grashof/(Reynolds)’ quotient was less than 0.0002. 
The axial heat flux distribution resembled a short 
exponential approach to a slightly decreasing ramp 
function due to the heat loss distribution. Axial con- 
duction loss at the first thermocouple was about 18% 
of the energy generation rate while the maximum radial 
heat loss was about 5% (energy generation varied by 
only 1.4% axially due to the increase in electrical 
resistivity with temperature). For such experiments the 
experimental uncertainties in Nusselt number are 
typically of the order of 10% at the entrance and 
about 5% away from the electrodes. 

The Nusselt numbers for constant property condi- 
tions were deduced by multiplying the measured values 
by the local value of (Tw/z)o.5 as suggested by Kays 
[13] for the effects of gas property variation. These 
data are presented on Fig. 2 along with brackets show- 
ing representative uncertainty estimates. Wall tem- 
perature measurements were not available upstream to 
implement the calculation of a premature start of the 
thermal boundary (due to axial conduction in the tube 
wall) in the numerical analysis as by Shumway and 
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FIG. 2. Determination of h,(y) in wall region from 
measured Nu(x). 

McEligot [14]. However, numerical predictions vary- 
ing the axial heat flux distribution showed that the 
difficulties in the immediate thermal entry become 
negligible by about eight to ten diameters; a thinner 
tube would reduce this distance. 

As noted in Section 2, the determination of Pr, by 
the proposed technique depends on use of a proper 
distribution for E,(r). In addition to providing an 
acceptable velocity profile, E,(r) should lead to a value 
of the friction factor which agrees with accepted corre- 
lations for adiabatic friction factors. For demonstration 
of the technique we use a combination of the van Driest 
mixing length [7] and the Reichardt middle law [8] 

and 

1”D = KY{1 -exp(-y’/yt+)} (3a) 

E, = ~.,.(2,--).[ 1+2(I;)21/6. (3b) 

With K = 0.4 and y: = 26, this representation yields 
friction factors within about 1% of the Drew, Koo and 
McAdams correlation [15] over the range 3 x lo4 < 
Re < 3 x 10’. 

The turbulent Prandtl number in the vicinity of the 
wall was deduced manually for the present paper, but 
the following procedure could be programmed for 
direct iteration by the numerical analysis program or 
for interactive control via computer graphics. Ignoring 
the first two data points, we concentrated on estimating 
Prt,, from the data near x/D = 10 by plotting results 
based on trial constant values of Pr,(0.8,1.0 and 1.2) as 
shown in Fig. 2. The value Pr,,, = 0.9 appeared reason- 
able as a first approximation. Then the variation with 
distance from the wall was deduced from trials of the 
form 

(4) 

applied to the data further downstream. Trials with 
Pr, = 0.9+0.9(y/r,) (dashed), 0.9 (solid) and 0.9- 
O.S(y/r,,,) (dashed) are shown plotted. For these data 
the deduced experimental value is seen to be 

Prt,w = 0.9+0.1 

and 

dPr,/d(y/r,) = 0 
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for the range of importance. A next iteration might 
start from Pr z 0.88+0.02(y/r,) but the precision of 
these data does not warrant extension further. 

4. DISCUSSION 

Comparison of Figs. 1 and 2 shows no great change 
in the sensitivity, aPr,/ZNu, as a function of Reynolds 

number but its range is only a factor of about two. 
One would expect that the sensitivity would vary with 
Rr because the wall layer occupies a greater fraction 

of the tube cross section as Re is reduced. Likewise, 
variation of the molecular Prandtl number would be 
expected to have an effect. Examination of these aspects 
is an appropriate task for further study as the technique 
is employed, but is not considered in the scope of the 
present work. 

Since a thermal entry precedes fully established con- 

ditions, the proposed technique can be used whenever 
Pr((y) is determined by the usual method of measuring 
t(y) and u(y) well downstream. Then the wall measure- 

ments can be applied either to extend or to test such 
“direct” Pr, profile measurements. The numerical 
programs required are now readily available or easily 

developed [6, 161. The wide disparity of Pr, measure- 
ments [1] indicates that such testing is probably 
necessary. 

One of the main advantages of the present method 
is that it restricts concentration to the region which 
causes significant effects on heat transfer. The relative 
insensitivity ofNu(x) to variation of Pr, near the center- 

line implies that determination of Pr, in that region is 

not important to the engineer attempting to predict 
surface temperatures in flows heated from the wall for 
the sort of conditions considered herein. 

While one experimental run is not sufficient to 

establish the functional dependence of Pr,(y) on such 
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FIG. 3. Comparison of present data to variation 
of P,;(y) for gas flows as suggested by various 

authors [ 171. 

parameters as Re and Pr, it is enough to refute or to 
provide partial evidence in support of available hy- 
potheses. In Fig. 3 the present data are superimposed 
on a presentation of existing hypotheses and data 

provided by Quarmby and Quirk [17]. It is readily 
seen that most shown do not have a reasonable 
asymptote as the wall is approached. On the other 

hand, the present result is in agreement with the data 
by Meier and Rotta 1181 for turbulent boundary layers. 

5. CONCLUSIONS 

By careful measurements of wall parameters in the 

thermal entry of small tubes, it is possible to determine 
Prt(y) for the range of y/rw for which knowledge of Pr, 

is most important in wall heating applications. 
For air flow at Re = 4.45 x lo4 

wlthm IO/ m the wall r egioI# 

Pr,(y) = Pr,,, + Pr; y, = 0.9 + (0.0). JL 
rw 

” 0’ 
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MESURE DU NOMBRE DE PRANDTL TURBULENT PRES DE LA PAR01 
DANS DES PETITS TUBES 

Rbum&Les mtthodes rkentes d’analyse numkrique appliqutes B la kgion d’ktablissement du rkgime 
thermique utilistes en relation avec les mesures de nombres de Nusselt locaux ont fourni une technique 

de dttermination du profil du nombre de Prandtl turbulent prb de la paroi g partir de mesures dans 
la region d’&ablissement thermique. Cette technique fournit un moyen d’information sur la valeur du 
nombre de Prandtl turbulent m&me lorsque d’autres considCrations, telles que le cott ou la rCduction 
des effets de convection naturelle, ntcessitent l’utilisation de sections d’ktude trop petites pour des mesures 
directes B l’aide de sondes. Pour un Ccoulement d’air a Re = 4,45 10“ dans un tube circulaire. les donnies 
exptrimentales fournissent; 

Prr(y) = Pr,p,,,i+Pr;‘: = 0,9f(O,O)‘)- 
r, 

g mieux de 10 pour cent pris dans la rkgion de paroi; ces r&uItats rtfutent certaines hypothtses courantes 
sur Pr,. 

MESSUNGEN DER PRANDTL-ZAHL IM TURBULENTEN 
WANDNAHEN BEREICH KLEINER ROHRE 

Zusammenfassung-Numerische analytische Methoden fiir den thermischen Einlaufbereich werden mit 
Messungen der iirtlichen Nusselt-Zahl verglichen, urn die Profile der Prandtl-Zahl bei turbulenten 
wandnahen StrGmungen aus den Messungen im thermischen Einlaufbereich zu erhalten. Das Verfahren 
erlaubt eine Aussage iiber den turbulenten Bereich der Prandtl-Zahl selbst wenn die Beriicksichtigung 
von Kosten oder die Verhinderung von Auftriebseffekten, die Dimensionen der Durchmesser der Versuchs- 
rohre als zu klein fiir direkte Messungen vorschreiben. Fiir LuftstrGmungen bei Re = 4,45 x lo4 in einem 
Kreisrohr folgen die Ergebnisse folgender Beziehung 

Pr,(y) = Prt,wand + Pr; c = [0,9 i (O.O)] :; 

mit einer Streuung von 10%. Diese Ergebnisse widerlegen eine Reihe von bekannten Hypothesen fiir Pr, 

M3MEPEHME TYPLYJIEHTHblX 3HAqEHMfi YMCEJI I-IPAHATJIR B IIPMCTEHHOti 
O&-IACTM B HE6OJIbLUMX TPYIjAX 

AHHoTaqHn - Ha OCHOBaHIlll nOCJleJItHHX YHCJleHHbIX aHa.JlliTAYeCKAX MeTOAOB PaCYeTa TenJIOBOrO 

HayanbHoro y4acTKa II H3MepeHkiR JloKanbHoro sHcna HyCCenbTa co3naHa AllarHocTHyecKax MeTo- 
LWKa paCYtTa Typ6yJleHTHOrO YACJla npaHnrn5l B IIpHCTeHHO~ o6nacTrr n0 H3MepeHARM AJUI HaYaJlb- 

HOrO TennOBOrO yYaC-rKa. %a MeTOnWKa naCT WH~OpMauHH) 0 Typ6yJleHTHOM YliCne npaHJ(TJIR 

naxe Torna, Korea B ckiny npyr5ix coo6paxcemiA, TaKHx KaK 5icnonb30aaHne mu4 npeHe6peEeHHe 
3+$eKTaMW ApxeMenoeofi CHSILI, Tpe6ymTCfl CJlUIIIKOM MaJlbIe pa3MepbI 3KCnepHMeHTaJlbHOrO 

yYaCTKa nJla HenOCpeflCTBeHHblX ki3MepeHHfi C nOMOUbtO LIPTYRKOB. &Ul BO3nymHOrO IlOTOKa np&i 

Re = 4.45 x IO4 B Tpy6e Kpyrnoro CeYeHHfl nonywne: 

f+,(y) =Pr,, dl + Pr,’ . u - rw - 0.9 i (0.0) . ; 

a npenenax 10% nnfl npecTeHHoii o6nacT8; ~TH pe3ynbTaTbl 0npoaepramT uenblk pxn cymecray- 
KWHX rHnOTe3 O’rHOCWTeJlbHO Pr,. 
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